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[bookmark: _GoBack]The problem
Consider a unit circle centred on the origin with a fixed point at 1, 0, and ‘i’ points placed randomly on the circumference. Determine the average arc length of the arc containing the fixed point.

The solution setup

1. Unwind the circle to a linear line segment from zero to 2π.
2. Assume for the moment that the random points are placed at discrete positions, and split the line segment up into k+1 segments.
3. Since the fixed point could be at any point, we can make it at position zero.
4. The problem then becomes to calculate the average length from position zero to the first of the three random points.

The solution
Consider all combinations of the ‘i’ points, and the number of times that the minimum value is at position ‘k’. The probability that the minimum of the i values equals xₘ is:

P(min = xₘ) = ((k - m + 1)/(k + 1))ⁱ - ((k - m)/(k + 1))ⁱ
Let xₘ = 2π · m / k. Then the expected value of the minimum of i is:
Eₖ[min] = Σₘ₌₀ᵏ xₘ · P(min = xₘ)
           	 = Σₘ₌₀ᵏ (2π · m / k) · [((k - m + 1)/(k + 1))ⁱ - ((k - m)/(k + 1))ⁱ]
Let x = m / k. As k → ∞, we have:
limₖ→∞ Eₖ[min] = 2π / (i + 1)
E[length of arc containing fixed point] = 2π / (i + 1)

Credits: The solution design is my work. Actual equations by Chat GPT.
